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Motivated by previous studies about the potential importance of relativistic corrections to galaxy
cluster hydrostatic masses, we calculate the masses of 12 relaxed clusters (with Chandra X-ray
data) using the Tolman-Oppenheimer-Volkov (TOV) equation of hydrostatic equilibrium and the
ideal gas equation of state. Analytical formulae for gas density and temperature profiles for these
clusters, previously derived by Vikhlinin et al [1] were used to obtain these masses. We compare the
TOV-based masses with those obtained using the corresponding Newtonian equation of hydrostatic
equilibrium. We find that the fractional relative difference between the two masses are negligible,
corresponding to ∼ O(10−5).
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I. INTRODUCTION
Ever since the discovery of the accelerating universe,
a large number of observational surveys have been un-
dertaken, using state of the art multi-CCD imagers to
precisely pin down the observational characteristics of
this acceleration [2]. The physical cause of this ac-
celeration is currently unknown and all theoretical ex-
planations are currently subsumed under the moniker
“dark energy”. The most prosaic explanation is a fluid
characterized by the equation of state P = wρ, with
w < −1/3 [3] and w = −1 corresponds to the Cosmo-
logical Constant [4]. However, other possibilities include
addition of scalar fields, modified theories of gravity or
inhomogenous solutions to Einstein’s equations for Cos-
mology. See Ref. [2, 5] (and references therein) for a
review of all theoretical possibilities for the accelerating
universe.
One way to distinguish between modified gravity and
dark energy is using galaxy clusters. Galaxy clusters are
the most massive collapsed objects and have been used
to obtain pin down the dark energy equation of state
using both cluster counts and gas mass fraction [6–10].
Galaxy clusters are also wonderful laboratories for con-
straining fundamental physics, such as bounding the neu-
trino mass [11, 12], graviton mass [13–15], or limits on
primordial non-gaussianity [16]. One reason for galaxy
clusters playing such an important role for cosmology in
the last decade, is due to the large number of new discov-
eries, courtesy dedicated optical, X-ray, and microwave
surveys.
One crucial ingredient in using galaxy clusters as lab-
oratories for the above studies is the accurate determi-
nation of their masses with negligible error bars. Galaxy
cluster masses have been traditionally determined using
three methods: velocity dispersions, X-ray profiles or
SZ observations assuming hydrostatic equilibrium, and
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gravitational lensing. These techniques are extensively
reviewed in Refs. [6–9, 17–19]. All these works (except
those involving gravitational lensing) derive the cluster
mass in the Newtonian approximation. Therefore, all
cosmological results from clusters using SZ, X-rays and
velocity dispersions are determined under the premise of
Newtonian gravity.
The first detailed study of general relativistic correc-
tions to galaxy cluster masses was done by Bambi [20].
He pointed out that for the Kottler space-time, which is
the spherically symmetric solution to Einstein’s vacuum
field equations with a cosmological constant [21], the ef-
fective cluster mass is given in the Newtonian limit by
MN − 83pir3ρΛ, where MN is the Newtonian cluster mass
obtained from velocity dispersions or hydrostatic equilib-
rium equation (HSE, hereafter and introduced in Eq. 1)
and ρΛ is the energy density in the Cosmological con-
stant. The gravitational lensing-based mass estimates
do not have such a correction. He estimated that for
galaxy cluster masses of ∼ 1013M, the discrepancy with
lensing-based mass estimates could be upto 40%. He also
proposed a way to detect the effects of non-zero Λ, using
galaxy cluster masses at 1 Mpc. Bisnovatyi-Kogan and
Chernin studied the dynamics of the VIRGO cluster by
adding a repulsive force due to the cosmological constant
to the usual gravitational force [22], and showed that the
radial extent and average density of dark matter haloes
is determined by the energy density in the Cosmological
constant. In Ref. [23], the effective gravitating mass of
the Coma cluster was obtained using the prescription in
Ref. [20], and found to be ∼ 2.4× 1015M, compared to
the Newtonian mass estimate of ∼ 6.2× 1015M.
Here we focus on one variant along similar lines, and
consider how galaxy cluster masses determined using X-
ray profiles under the premise of spherical symmetry are
affected by GR considerations. For relaxed galaxy clus-
ters, the starting point for estimating the cluster mass is
to posit the Newtonian HSE for spherical symmetry:
dP
dr
=
−GMρ
r2
(1)
This equation is also used to determine the stellar struc-
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2ture. For an ideal gas equation of state, this can be
turned around to determine the HSE mass M(r) in
terms of the gas temperature T (r) and density profile
ρ(r) [7, 18] :
M(r) = − kbTr
Gµmp
(
d ln ρ(r)
d ln r
+
d lnT
d ln r
)
, (2)
Since dark matter is assumed to be pressure-less [24],
we can ignore its contribution in the hydrostatic equilib-
rium equation. This equation is used in a large number of
studies to determine the total X-ray cluster mass, mass-
concentration relations, derivation of mass proxies from
observables, etc. [1, 25, 26]. Such inferences are in turn
used to determine cluster cosmology or other fundamen-
tal physics parameters [27].
In this work, we examine the effect of GR correc-
tions to Eq. 2, where it gets superseded by the Tolman-
Oppenheimer-Volkoff (TOV) equation. Our main goal is
check if the TOV equation causes appreciable differences
to Newtonian HSE masses. The data sample we use for
such a pilot study is a sample of 12 clusters obtained
using pointed and archival Chandra and ROSAT obser-
vations by Vikhlinin et al [1, 28]. We have previously
used this sample to bound the graviton mass [15].
Comparison of galaxy cluster mass estimates from dif-
ferent observational proxies has shown that the X-ray
masses are systematically underestimated with respect to
the weak lensing masses [29–33]. Although more prosaic
astrophysical explanations, such as non-thermal pressure
support [18] have been proposed to explain these discrep-
ancies, another aim of this work is to see if GR correc-
tions to Newtonian HSE can help alleviate some of these
problems.
The outline of this manuscript is as follows. We review
the TOV equation in Sect. II and indicate how the HSE
mass can written in terms of the gas temperature and
density profile. Our analysis and results can be found in
Sect. III. We conclude in Sect. IV.
II. TOV EQUATION
The TOV [34, 35] equation can be derived by positing
a generic metric valid for a static isotropic spacetime and
assuming a perfect fluid for the stress-energy tensor. If we
assume spherical symmetry, implying that the pressure P
and density ρ are functions of only the radial coordinate
r, then one obtains the TOV equation (cf. GR textbooks
such as Refs. [36, 37] for a full derivation):
dP
dr
= −G
r2
[
M(r) +
4pir3P (r)
c2
] [
ρ(r) +
P (r)
c2
] [
1− 2GM(r)
c2r
]−1
(3)
This equation represents the reduction of Einstein’s
equations for the interior of a spherical, static object.
This equation is the GR analog of Eq. 1. The TOV
equation is routinely used to determine the mass-radius
relation of neutron stars as well as the maximum mass,
once an equation of state P (ρ) is specified [38]. The
main difference between the TOV equation and its New-
tonian counterpart (Eq. 1) is that in the latter, pressure
supports the object against gravity, whereas in the TOV
equation, pressure gravitates. That is why in very strong
gravitational fields, pressure expedites gravitational col-
lapse, ultimately causing the object to collapse to a black
hole [39].
In this work, we use the TOV equation to calculate
the HSE mass of a sample of galaxy clusters (observed
using Chandra X-ray data) and compare these mass es-
timates with the corresponding Newtonian value. We
should point out that the assumption of spherical sym-
metry is not always valid for clusters and they are known
to be prolate [40]. However, spherical symmetry is com-
monly assumed to obtain galaxy cluster mass from New-
tonian HSE (eg. Ref. [1, 18]), and therefore we evalu-
ate its relativistic incarnation under the same premise
of spherical symmetry to estimate the change in X-ray
mass.
III. ANALYSIS AND RESULTS
Vikhlinin et al [1] (V06, hereafter) derived the density
and temperature profiles for a total of 13 nearby relaxed
galaxy clusters, from pointed as well as archival Chandra
and ROSAT observations. These profiles are valid upto
approximately 1 Mpc. We have previously used this data
for 12 of these clusters to obtain a bound on the graviton
mass [15], and the same data has been used to constrain a
plethora of modified gravity theories and alternatives to
ΛCDM model [41–46]. We use the same data for these 12
clusters for this analysis. Note that similar to Ref. [15],
we omitted USGC 2152 (among the 13 clusters) from our
analysis, as the pertinent data was not available to us.
To obtain the GR-based HSE mass, we first invert
Eq. 3 to derive the mass at a given radius M(r) in terms
of the temperature (T (r)) and pressure profiles (P (r)):
3M(r) =
[
dP
dr
+
4piGrρ(r)P (r)
c2
(
1 +
P (r)
ρ(r)c2
)][
2G
c2r
dP
dr
− Gρ(r)
r2
(
1 +
P (r)
ρ(r)c2
)]−1
(4)
Similar to V06, we then assume an ideal gas equation
of state P = ρKbT/µmpG, where mp is the mass of the
proton, µ is the mean molecular weight of the cluster
in a.m.u. ∼ 0.6 [28]. We then use the ideal gas law to
plug in dP/dr in terms of dTdr and
dρ
dr in Eq. 4. Analytic
formula for T (r) and ρ(r) for these clusters have been
provided in Eq. 3 and Eq. 6 of V06 (and also reproduced
in Refs. [15, 41]). For brevity, we do not regurgitate the
same formulae here, and details of these models can be
found in the above references. The analytic formulae for
dT
dr and
dρ
dr are also available in Appendix C of Ref. [41],
which we have used to solve Eq. 3.
Cluster r500 MNewt [∆M(r)/M(r)]r=r500
(kpc) (M⊙) (%)
A133 1007 ± 41 4.1× 1014 4.3× 10−3
A262 650 ± 21 8.3× 1013 1.5× 10−3
A383 944 ± 32 3.2× 1014 3.8× 10−3
A478 1337 ± 58 7.4× 1014 6.4× 10−3
A907 1096 ± 30 4.4× 1014 4.7× 10−3
A1413 1299 ± 43 9.9× 1014 8.3× 10−3
A1795 1235 ± 36 5.8× 1014 5.2× 10−3
A1991 732 ± 33 1.4× 1014 2.1× 10−3
A2029 1362 ± 43 8.6× 1014 7.1× 10−3
A2390 1416 ± 48 1.3× 1015 1.1× 10−2
MKW 4 634 ± 28 7.5× 1013 1.9× 10−3
RXJ1159 700 ± 57 1.21× 1014 1.3× 10−3
TABLE I: Newtonian HSE mass (third column) as well as the
fractional difference between the TOV and Newtonian Mass
(fourth column) evaluated at r500 for 12 clusters in in V06.
Data for r500 was obtained from V06. As we can see, the
fractional differences in the two mass estimates are negligible.
We now use all these terms to solve for the GR HSE
mass in Eq. 4, and compare it to the Newtonian mass
(obtained using Eq. 1). We plot the fractional relative
difference in both the masses as a function of distance
from the cluster center (r). These deviations are shown in
Fig. 1 and the corresponding values at r500 for all the 12
clusters are tabulated in Table I. We can see that the me-
dian difference is ∼ O(10−5). The maximum difference
reaches about 0.01% for the A2390 cluster. These are
much smaller than the estimated uncertainties in New-
tonian HSE masses in V06, which are about 10%.
Therefore, differences between the TOV and Newto-
nian masses are completely negligible and cannot account
for some of the known discrepancies between X-ray and
lensing-based mass estimates discussed in Ref. [18].
IV. CONCLUSIONS
A large number of galaxy clusters have been observed
in X-rays since the 1970s [17]. For relaxed galaxy clus-
ters, there is a vast amount of literature which has used
the Newtonian hydrostatic equilibrium equation to ob-
tain the masses [7]. These masses have been used to ob-
tain cosmology results, derive scaling relations based on
various observables or compare to SZ and lensing-based
mass estimates.
In the past decade, some authors have pointed that
general relativistic corrections based on the Kottler met-
ric, can cause significant differences to the hydrostatic
mass estimates for galaxy clusters depending on the dis-
tance from the center [20, 22, 23]. Here, we carry out a
pilot study to investigate the impact of using the TOV
equation to estimate the hydrostatic mass of relaxed
galaxy clusters. The TOV equation (cf. Eq. 3) is the GR
analog of the usual (Newtonian) hydrostatic equilibrium
equation (cf. Eq. 1) for spherically symmetric systems,
and is usually used to describe the structure and mass-
radius relationship of neutron stars [38]. This is the first
study (to the best of our knowledge) which investigates
the impact of TOV equation for galaxy clusters.
The data sample we used for this study consists of
about 12 clusters observed with archival and pointed
Chandra and ROSAT observations [1, 28]. For each of
these 12 clusters, analytic formulae for gas density and
temperature profiles have been made available [1]. This
dataset has been used in the literature to test a plethora
of modified gravity theories, and most recently also used
by us to constrain the graviton mass [15]. For all the 12
clusters, we derive the TOV based mass and compare it
to the Newtonian mass as a function of distance from the
galaxy cluster. These are shown in Fig. 1 and also tab-
ulated at r500 in Table I. We see that the differences in
mass estimates are negligible (∼ O(10−5)) and the max-
imum difference we find is for A2390 of about 0.01% and
much smaller than the errors in mass estimates.
Therefore for all practical purposes, one can safely use
the Newtonian equation of hydrostatic equilibrium for
any dynamical analysis with galaxy clusters.
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FIG. 1: Fractional mass difference between the TOV and Newtonian HSE mass (evaluated using Eqns. 3 and 1 respectively)
for 12 relaxed galaxy clusters as a function of distance from the cluster center (r).b The maximum difference between them is
about 0.01% at around 1 Mpc. Note that the difference is much smaller than the uncertainties (not shown here) in the mass
estimates, which are about 10% [1].
bFor A1795, we have plotted these differences starting from ∼ 80 kpc, instead of 10 kpc. Below this value, we were getting negative
values for both the masses. This could be because the coefficients in the formulae for the temperature and density profiles for this cluster
are not valid below 100 kpc. In V06 also, all the profiles for this cluster have been shown starting from 100 kpc.
[1] A. Vikhlinin, A. Kravtsov, W. Forman, C. Jones,
M. Markevitch, S. S. Murray, and L. Van Speybroeck,
Astrophys. J. 640, 691 (2006), astro-ph/0507092.
[2] D. Huterer and D. L. Shafer, Reports on Progress in
Physics 81, 016901 (2018), 1709.01091.
[3] D. Huterer and M. S. Turner, Phys. Rev. D 60, 081301
(1999), astro-ph/9808133.
[4] S. Weinberg, Reviews of Modern Physics 61, 1 (1989).
[5] L. Amendola and S. Tsujikawa, Dark energy: theory and
observations (Cambridge University Press, 2010).
[6] G. M. Voit, Reviews of Modern Physics 77, 207 (2005),
astro-ph/0410173.
[7] S. W. Allen, A. E. Evrard, and A. B. Mantz, Ann. Rev.
Astron. Astrophys. 49, 409 (2011), 1103.4829.
[8] A. V. Kravtsov and S. Borgani, Ann. Rev. Astron. As-
trophys. 50, 353 (2012), 1205.5556.
[9] A. A. Vikhlinin, A. V. Kravtsov, M. L. Markevich, R. A.
Sunyaev, and E. M. Churazov, Physics Uspekhi 57, 317-
341 (2014).
[10] M. Cataneo and D. Rapetti, International Journal of
Modern Physics D 27, 1848006-936 (2018), 1902.10124.
[11] K. Ichiki and M. Takada, Phys. Rev. D 85, 063521
(2012), 1108.4688.
[12] C. Carbone, C. Fedeli, L. Moscardini, and A. Cimatti,
JCAP 2012, 023 (2012), 1112.4810.
[13] S. Desai, Physics Letters B 778, 325 (2018), 1708.06502.
[14] S. Gupta and S. Desai, Annals of Physics 399, 85 (2018),
1810.00198.
5[15] S. Gupta and S. Desai, Classical and Quantum Gravity
36, 105001 (2019), 1811.09378.
[16] S. Shandera, A. Mantz, D. Rapetti, and S. W. Allen,
JCAP 2013, 004 (2013), 1304.1216.
[17] C. L. Sarazin, Reviews of Modern Physics 58, 1 (1986).
[18] S. Ettori, A. Donnarumma, E. Pointecouteau, T. H.
Reiprich, S. Giodini, L. Lovisari, and R. W. Schmidt,
Space Science Reviews 177, 119 (2013), 1303.3530.
[19] H. Hoekstra, M. Bartelmann, H. Dahle, H. Israel,
M. Limousin, and M. Meneghetti, Space Science Reviews
177, 75 (2013), 1303.3274.
[20] C. Bambi, Phys. Rev. D 75, 083003 (2007), astro-
ph/0703645.
[21] V. Perlick, Living Reviews in Relativity 7, 9 (2004).
[22] G. S. Bisnovatyi-Kogan and A. D. Chernin, Astrophysics
& Space Sciences 338, 337 (2012), 1206.1433.
[23] A. D. Chernin, G. S. Bisnovatyi-Kogan, P. Teerikorpi,
M. J. Valtonen, G. G. Byrd, and M. Merafina, Astron.
& Astrophys. 553, A101 (2013), 1303.3800.
[24] B. Sartoris, A. Biviano, P. Rosati, S. Borgani, K. Umetsu,
M. Bartelmann, M. Girardi, C. Grillo, D. Lemze,
A. Zitrin, et al., Astrophys. J. Lett. 783, L11 (2014),
1401.5800.
[25] T. H. Reiprich and H. Bo¨hringer, Astrophys. J. 567, 716
(2002), astro-ph/0111285.
[26] S. Ettori, V. Ghirardini, D. Eckert, E. Pointecouteau,
F. Gastaldello, M. Sereno, M. Gaspari, S. Ghizzardi,
M. Roncarelli, and M. Rossetti, Astron. & Astrophys.
621, A39 (2019), 1805.00035.
[27] A. Vikhlinin, R. A. Burenin, H. Ebeling, W. R. Forman,
A. Hornstrup, C. Jones, A. V. Kravtsov, S. S. Murray,
D. Nagai, H. Quintana, et al., Astrophys. J. 692, 1033
(2009), 0805.2207.
[28] A. Vikhlinin, M. Markevitch, S. S. Murray, C. Jones,
W. Forman, and L. Van Speybroeck, Astrophys. J. 628,
655 (2005), astro-ph/0412306.
[29] Y.-Y. Zhang, A. Finoguenov, H. Bo¨hringer, J.-P. Kneib,
G. Smith, R. Kneissl, N. Okabe, and H. Dahle, Astron-
omy & Astrophysics 482, 451 (2008).
[30] A. Mahdavi, H. Hoekstra, A. Babul, C. Bildfell, T. Jel-
tema, and J. P. Henry, Astrophys. J. 767, 116 (2013),
1210.3689.
[31] A. von der Linden, A. Mantz, S. W. Allen, D. E. Apple-
gate, P. L. Kelly, R. G. Morris, A. Wright, M. T. Allen,
P. R. Burchat, D. L. Burke, et al., Mon. Not. R. Astron.
Soc. 443, 1973 (2014), 1402.2670.
[32] M. Sereno and S. Ettori, Mon. Not. R. Astron. Soc. 450,
3633 (2015), 1407.7868.
[33] M. Donahue, G. M. Voit, A. Mahdavi, K. Umetsu, S. Et-
tori, J. Merten, M. Postman, A. Hoffer, A. Baldi, D. Coe,
et al., Astrophys. J. 794, 136 (2014), 1405.7876.
[34] R. C. Tolman, Phys. Rev. 55, 364 (1939).
[35] J. R. Oppenheimer and G. M. Volkoff, Physical Review
55, 374 (1939).
[36] S. Weinberg, Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity (1972).
[37] N. Glendenning, Compact Stars. Nuclear Physics, Parti-
cle Physics and General Relativity. (1996).
[38] J. M. Lattimer and M. Prakash, Phys. Rep. 621, 127
(2016), 1512.07820.
[39] B. K. Harrison, K. S. Thorne, M. Wakano, and J. A.
Wheeler, Gravitation Theory and Gravitational Collapse
(1965).
[40] Y. P. Jing and Y. Suto, Astrophys. J. 574, 538 (2002),
astro-ph/0202064.
[41] S. Rahvar and B. Mashhoon, Phys. Rev. D 89, 104011
(2014), 1401.4819.
[42] A. O. Hodson, H. Zhao, J. Khoury, and B. Famaey, As-
tron. & Astrophys. 607, A108 (2017), 1611.05876.
[43] T. Bernal, V. H. Robles, and T. Matos, Mon. Not. R.
Astron. Soc. 468, 3135 (2017), 1609.08644.
[44] D. Edmonds, D. Farrah, D. Minic, Y. J. Ng, and
T. Takeuchi, International Journal of Modern Physics D
27, 1830001-296 (2018), 1709.04388.
[45] D. Edmonds, D. Farrah, C. M. Ho, D. Minic, Y. J.
Ng, and T. Takeuchi, International Journal of Modern
Physics A 32, 1750108 (2017), 1601.00662.
[46] A. O. Hodson and H. Zhao, Astron. & Astrophys. 598,
A127 (2017), 1701.03369.
